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Paired comparison is a popular method in sensory testing, food
technology, market research, assessment of building materials, assess-
ment of architectural designs, educational testing, psychology standardi-
sation etc. Since the number of pairs in such an experiment is large for
larger (number of stimuli) the senior author (1967) has proposed frac-
tionation of pairs. This fractionation can be achieved in different ways.
A model for analysis of preference data from asymmetrical fractional
pairs named standard comparison pairs containing a common stimulus
was developed by Sadasivan and Rai (1971). Some methods of
fractionating paired comparisons have been developed by Sadasivan
and Sundaram (1971). Of these, one of the fractions was found to
be very useful because of its balanced nature and was named symme-
trical pairs. For ¢ treatments Ty, T, . . . , T, the symmetrical pairs

arc (Tl T2)1 (T2 T3)s"': (Tt Tl)'

The number of pairs in this set is z. We lose information about
t(t—3)/2 and the amount of reduction is (t—3)/(t—1). Fort=5 we
get two sets of symmetrical pairs. For t=6 also there are only two
distinct sets of symmetrical pairs. In general, if ¢ is odd we get
. (¢.—1)/2'sets of symmetrical pairs and for # even we get (t/2—1) sets

of symmetrical pairs and one set of #/2.

The size of a set of complete pairs is equivalent to (r—1)/2
replicates of the same symmetrical pair. The number of comparisons
of each stimulus in each set is (¢—1). Complete pairs give informa-
tion about all the possible pairs once whereas in symmetrical pairs
each pair occurring in the set gets (f—1)/2 replicates. Thus the pairs
occurring are estimated with relative precision (+—1)/2 in such a
design. But we lose information in symmetrical pairs about the non

occurring pairs. Again the fraction that is selected by symmetrical
pairs is 2/(z - 1).

Cyclic paired comparison designs can be used for symmetrical
pairs as well. Consider the case n=5. The.5 symmetrical pairs which
can be made when order of presentation istaken into account may
be set out in two cyclic sets

(1) 01 12 23 34 40
Q) 04 10 21 32 4%
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Here the set (s)
(s=1, 2,..., n—1) is of the form

o,5;1,s54+1; t,s+t; ,n—1,s+n—1 where t+s is
reduced modulo s when necessary. Of these the sets corresponding
to s=1 and n—1 are presented above. Note that in the set the order
of presentation has been balanced out. Sets (1) and (2) are equi-
valent if order of presentation is ignored. For n=35 set (1) changes

to set (4) for the operator R( 5, 4 ) = (8 i § ; 41)

Tg}ls (1) and (2) differ only in the arbitrary numbers assigned to the
objects.

For n=06, the symmetrical pairs are set out below :—

0)) 01 12 23 34 45 50
@) 02 13 24 35 40 5l

and also the half set which is also symmetric in character
3) 03 14 25

The two conditions which a satisfactory sub-set should satisfy
are: (a) every object should appear equally often, (b) the design should
be connected so that it is impossible to split the objects into two sets
with no comparisons made between objects in one set and objects in
the other. The conditions (@) and (b} are satisfied for n=5., But
for n=6 all the sets satisfy condition (a) but only set (1) meets con-
dition (b). (2) is not connected and separates into two sub-sets
02, 24, 40 and 13, 35, 51 the reason being that 2 is a factor of f.

Efficiencies of symmetrical pairs can be compared in different
ways. Mckeon (1960) has defined efficiency, E;, of any ‘paired com-
parison design as the ratio of the average between object variance
of the incomplete pairs. Denote the cyclic paired comparison design
by (g1, g2---,8m] With ge=1 or 0 according as set (s) is or is not
included in the design. Then the efficiency of using one set of
symmetrical pairs is

Ey= (1’271%
where _
(1/2)n—1 T
b0=2 (%—)457\—(17\) n even
=1
(1/2)(n—1)

- 1
_2 ~ n odd
I=1
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and
3(n—1)
?\;=1—-—2 g, Cos 2x (kljn)—(—1)"
k=1
te@n n even
i'n-1)
=1 Z ¢, Cos 2% (Kiln) n odd
k=1

Some of these efficiencies are given below for comparison :—

n : r ‘set E,
5 2 1 800
6 2 1 714
7 2 1 643
8 2 1 583
9 2 1 533
10 2 1 49
11 2 1 455
12 2 1 423
13 2 1 396
14 2 1 371
15 2 1 350

Thus there is a steady decrease in efficiency of symmetrical pairs as
n increases. When sets of symmetrical pairs are considered it may
happen that a smaller design is more efficient than a-poorly chosen
larger design. It may some times happen that an unconnected design
is more efficient than a connected design.

Efficiencies of the design can also be compared by using the
effective pairswise precision. Under complete pairs with ¢ treatments
and n repetitions the rating for each treatment is obtained from

(1_2—_1 xn) effective blocks. Under symmetrical pairs with n replica-

tions, the rating for any treatment is obtaided from effective blocks,
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If )® is the variance per block under complete pairs and o2® the
variance per block under symmetrical pairs the efficiency of symme-

; 2 ,
trical pairs relative to complete pairs is given by 1_2—1 %, Estimates
' - 2
of ¢,2 and o322 can be worked out from Thurstone-Mosteller models
for the cases. It may also be noted that using designs of the same
size and assuming experimental errors per pair to be of the same
order the relative efficiency for comparison of any pair of the symme-
trical pairs becomes #—1 showing that the efficiency increases with 7.

If each symmetrical pair is presented to a number, 1, of judges,
the resulting preference data can be analysed by building a model
on the lines of Thurstone and Mosteller. Thurstone postulated a
subjective continuum over which sensations are jointly normally
distributed with equal standard deviations and zero correlations
between pairs of stimuli. Mosteller (1951a) shows that the assump-
tion of zero correlations may be relaxed to an assumption of equal
correlation, with no change of method. Without further loss of
generality, we may let the scale of sensation continuum be so chosen
that the difference of any stimulus response is normal with mean d
and wunit variance. The Thurstone-Mosteller model prohibits the
declaration of ties. It was postulated by Glen and David (1960)
that where the difference between two responses lies below a certain
threshold, the judge will be unable to detect it; that is if the difference
lies in an interval between (—r and r) the judge will declare a tie.
The same model is here modified for symmetrical pair.

Consider an experiment in symmetrical pairs involving ¢ treat-
ments and n replications and let X; and X, be single responses of a
judge to the i-th and j-th stimuli. Then proceeding under the same
assumptions as in Glen and David (1960) we get

ry' =[FY(ay)+ F-Y(ay)]/2 ' - (D)
Sy’ =8y’ =[F(a;;)— F-(a;))]/2

where r;; and S/ —S;’ are respectively the experimental values of
rand S;—S; resulting from a comparison of T; and T}, 2r being the

intgrval centred at the origin of the distribution of X;— X; within
which the judge will declare a tie and

d13=P.is+ Po.is =proportion of preferences plus‘ties
for i,

@ji= Ds.ist Pouis =p'rop'ortion of prefereﬁces plus tie's\

for jand j = (i+1) mod .

[ SN : . L -
Given data of this form for each of the symmetrical pairs we
. would "like to determine the least square estimates of r and S;.;

Since this solution is not possible due to lack of independence we
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use angular transformations to estimate the values. For large
samples we can assume
w2 . .
Fla)=1/2 j Cos ydye=(14sin.a)/2 (2)

—a

where —n/2 <a<x/2. Then by following a similar procedure we.
find instead of (1)

r'u= [Sin_l (2(1,‘5-— 1)—{— sin—! (2{1;,'— 1)]/2 ...(3)
S'—8’;=[sin"! (2a;;~1)—sin~'(2a,:;—1) (4

For large samples py;, the correlation between sin—'(2a;—1)
and sin—*(2a;;— 1) is approximately,

_ Tivig "4ei;
b = ,\/ (1 - 7o) (1—m5.49) -0
and hence '
Var (';5)=(1+p:;)/2n «..(6)
Var (S;'—S;')=(1—ps)[2n (T

For m, .70 these variances will not, in general be homo-
geneous over the symmetrical pairs. However, in the absence of
extreme comparisons, departures from homogeneity will be relatively
small. It is expected that estimates obtained from an unweighted
least square solution as in (2) will serve as good first approximations
to the results of a weighted analysis.

Unweighted Analysis of Balanced Experiments

Let us assume that r is a common value which applies in all
comparisons. Assume the variances (6) and (7) to be homogenous.
To get initial estimates of the parameters r and Si(i=1, 2,...... )]
define the observations

Gi;y Hi [j=(@+1) mod 1)]
as
r'y=Gy ..(8)
and
S"—S','=H”. ...(9)

i \ N R
From the G;; we obtain the least square estimates of r as

";=(z G{j)/t! (‘10)1

S
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_ From the H,; we determine the least squares estimate S,¥ of S;
such that :

Qz =2 (Si“S;'—H.'f)2
s .

is 2 minimum for
Si=8*i=2,..., 1)
and S*;=0.
0, expressed in matrix form is
Q.= (Y—XB) (Y—XB)
where Y'=(H,q, Hyay.- , Hyy),
B'=(8;,+.-5 Sb),

and X, at (f—1) matrix containing 1’s, —1’s and 0’s as described

b

below.

Corresponding to each element in the vector, y there is a row
of X, while the column of X may be regarded as ascociated respec-
tively with the elements of the vector B’. The row corresponding
to H;; has +1 in the column corresponding to S; and —1 in the
column corresponding to S;. All elements not otherwise mentioned
are zero. The required vector of least square estimates is

B¥=(X' X)* X'Y where X'X is (1)
given by
[ 2 —1 0 0 7]
—1 2 —1 0
.(12)
0 —1 2 0 ’
L o 0 o 2 ]

This is circulant and symmetric and-hence inversion is possible.
[ Ha + Hu i
Also, X'Y = Hsy + Hay ..(13)
L #, + Hyt—1 |
and hence \

B* = (5*, 5%, Sy’ (14)

The above analysis can be extended to the' case of h judges

with different thresholds. A parameter #; is associated with the

k-th judge, (k=1, 2,..., k). The:estiigfite r, is found to be the mean
of the Gy values pertaining to “the k-th judge. Any estimate
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S*(i=1, 2,..., t) for the overall experiment is the AM of the
estimates S*, for the separate judges. The analysis, therefore, con-
sists of applying the procedure of this section to the data for each
judge, or group of judges for which a r: is postulated. Separate
r*, and S*; are obtained, the latter being pooled as above. '

Weigfntcd Analysis of Balanced Experiments

From (6), (7), (8) and (9) we may write ]
Var (Gip=(1+ ps)[2n - (15)
Var (H.-,)=(l—p,-,-)/2n ..(16)

If there exists heterogeneity in these variances each G;; and
H; must be weighted in proportion to the inverse of its variance.
This requires estimates of g;;, Proceeding along the same lines as
in reference (2) this estimate is found to be

ra=n/ (l_a:{: (;,;_a*“) (17
Aisq
Var (Gy)=(1+ri)2n
and  Var (Hy)=(1—ry)[2n. ..(19)
The weights for G;; and H;; are respectiv-ely,
Vis=1/(1 +res) : v ...(18)
and Wis=1/(1—r).

Let us denote the estimates to be obtained from the weighted
analysis by r** and S#*(i=2,...,¢) with S;**=0. The quantity
that is minimised in determining r** is .

Vi ~Gy)?
s

and leads to the solution,
r**= py V,',' Gij/z Vu . ..(20)
5 s

For S;**, Q, is replaced by :
Q= 2 Wy (Si—S;—Hu).
R

Representing Qs in quadratic form as:

Qpu={(Y—XB)Y W (Y—XB) where W is the diagonal matrix of
W.'s defined in (19), the vector of S;** is given by

B¥*=(X'WX) ! X'WY where
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[ +W12+ W23’ —;st, 0 0 0 —I
L —Wesy Wt Way, =Wy, 0 ... 0
(X'WX)=
. e l
| 0 0 0 ‘_‘Wt—l,t Wt—ht'*' Wt’l.J
) «-(21)
and
1,3 "|
E ;/Vgh sz
hEig
2 Wah H3h
hely
@wy)=| = wah Hy, . (22)
heiy
_;,55 Wth ch —I

where, 2 is the summation of the associates k(=k—1 and k+ 1).
1€ Ih

But one cannot write down a simple general form for [X' WX]-1.

Since (X' WX) is necessarily symmetric the inverse can be found by
the Doolittle method. :

Now we proceed to estimate the variance and covariance of
the Si** (i=1, 2,...... , 1) and variance r** using large sample

. A
theory. From (15) and (18) we may write Var (Gi)=1]2n Vi)

. A .
which in conjunction with (20) yields Var (r**)= 2 (V,2/2n Vi)l
M
(Z2V:P) = 2; since the comparisons on the pairs are made
s nx Vu
s

iﬁdepengently. In the same fashion we may write :

r 1 |
Var (Hu)—m .SO that
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A .
Var (W;; H;)=Wi;/2n. Combining this result with (22) we
have the estimated variance matrix associated with the vector :

B**as ¥ =(X'WX)! I (X'WX)'=(X'WX)*/2n.
B** X'wy

If, r*, r** and the respective S*; and S;** are not in close
agreement, one may conclude that there is heterogeneity in Var
(Gy;) and in Var (Hy;) and the weighted analysis should be carried
out. In-such a case one may use the r** and the S;** to determine
an improved set of weights and repeat the procedure described above.
This iterative procedure may be carried through till two successlve
stages give approximately the same result. Variances and covariances
of the estimates should be obtained by the iterative procedure only
at the last stage. ,

We can also consider the weighted analysis of balanced
experiments when a different  is postulated for each of R. judges.

" The estimate r,** associated with the k-th judge (k=1,2, ..... , R)

is found to be a weighted AM of the G,; values pertammgto the
k-th judge. In determining the S;** the matrices X' WX and X'WY
are shown to be respectively the sums of the matrices (21) and (22)
for the separate judges. .

TESTING VALIDITY OF THE MODEL

Using the test of goodness of fit, we compare the observed
numbers in each category with the expected numbers derived from
the solution. If the discrepancies are small we consider the solution
to be internally consistent. For the binomial situation in which ties
are not allowed, a test has been presented by Mosteller (1951).
When ties are admitted, a trinomial distribution is associated with
each pair. In our case, the data constitute ¢ independent trinomial
distributions since the comparisons on the pairs are made inde-
pendently. Now we proceed to calculate the expected numbers in
each of the categories. We denote those values of r and S; by r”°
and S;" (i=2,...... , 1) with §;"=0. Using these values, we determine
the expected values of a;; and ay as a”; and 4 satisfying the
relations,

a"=[1+sin (r"+S,"— 5,")]/2 and
aj‘”:.:[]. + sin (r”—S.'”'*'Si’)]/z'
Let #,".;; be the expected number of preferences for Ty, .n".y

be the expected number of preferences for T, and n’;. be the
expected number of ties when T; and T; are compared, where

£ ;
ni.‘”+ﬂj.u”+I’Io.{j’—-—'n. But m./’-}—;u.;,”:na,-,' and n,-.;,”-{-n,, ,-,-”r—na,,”.
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From the above relations:

X=X [(n“,—11i.,-,~”)2/i1,-.,~,-”+(n,.,-,—n,..-,”):'/n,-.f,-"
S

4 (0-i.i~’70rl-ijll)2 .
Itg-1;

» For large values of the expected numbers the quantity above
is distributed approximately as X* with degrees of freedom deter-
mined as below. There are ¢ symmetrical pairs which yield two
independent observations each. From the data we have estimated
¢ parameters viz. r and (¢—1) values of S, (i=2, , 7). Thus the
degrees of freedom for X? are 2¢ - t=1.

For the case in which R judges are involved, a separate r is
assumed for each judge and expected numbers obtained. A separate
X* test is made for each judge, the decgrees of freedom being ¢ If
an overall test is desired, the judges being considered independent,
the sum of $quares may be pooled over the R judges. In this case
the degrees of freedom are 2Rt~ (R+1—1).

An lllustrative Example

This model is illustrated with the help of an experiment con-
ducted in the quality testing laboratory of the Indian Agricultural
Research Institute, New Delhi. Five improved varieties of wheat
namely: 1. Kalyan Sona, 2. Sonalika, 3. Choti Lerma, 4. Sharbati
Sonera and 5. N.P. 718 were used for the test. Five judges were
selected by the duo-trio test. Then the symmetrical pairs were
presented at random to each judge in a random order. A preferred
variety is given the score 1 and the non-preferred the score 0. In
case of ties each variety was given the score 1/2. The experiment
was replicated thrice. The results pooled over the judges are given
below :

Pair N4y M.t M. Total
1,2 5 3 7 15
2,3 6 4 5 15
3,4 6 3 6 15
4,5 4 N 3 8 15
51 6 2 7 15
Total 715 3 s
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Using these data we have computed the vector X'Y and hence
the vector S;*(i=2, 3, 4, 5) with S,*=0. :

[S* F4 32 1790 0297 [ 01007
‘ Sy | 36 4 2 ‘ ~0°116 \ ‘ —0099
\ S* =1/5‘ 246 3 ‘ ~ 0281 ‘=\ ~0183
L s* ] L1 23 4 ,L o213 | L o015

Thus Si* =0, S,*=0100, Sg*=- 0099, S*=—0183 and
S5*=0,015. Hence the ratings are:

1. Sonalkia, 2. NP718, 3. Kalyansona, 4. Chotilerma and
5, Sharbati Sonera.

Using large sample theory the standard error for r and S;’s is

4/ 1/2n=0182. Thus the varieties are not differing significantly
among themselves in palatability. The ties are also due to chance.
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